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Abstract
A skew-morphism ϕ of a finite group A is a permutation on A such that ϕ(1) = 1 and
ϕ(xy) = ϕ(x)ϕpi(x)(y) for all x, y ∈ A where pi : A → Z|ϕ| is an integer function. A
skew-morphism is smooth if pi(ϕ(x)) = pi(x) for all x ∈ A. The concept of smooth skew-
morphisms is a generalization of that of t-balanced skew-morphisms. The aim of the paper
is to develop a general theory of smooth skew-morphisms. As an application we classify
smooth skew-morphisms of the dihedral groups.
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1. Introduction
A skew-morphism of a finite group A is a permutation ϕ of order n on the underlying
set of A fixing the identity element of A, and for which there exists an integer function
pi : A→ Zn such that ϕ(xy) = ϕ(x)ϕ
pi(x)(y) for all x, y ∈ A. The function pi is called the
power function associated with ϕ. The concept of skew-morphisms was first introduced
by Jajcay and Sˇira´nˇ as an important tool to investigate regular Cayley maps [8]. It has
been shown that skew-morphisms are also closely related to group factorisations with a
cyclic complement [4, Proposition 3.1]. Thus the study of skew-morphisms is important
for both combinatorics and algebra.
Let A be a finite group, X a generating set of A and P a cyclic permutation of X . A
Cayley map M = CM(A,X, P ) is a 2-cell embedding of a Cayley graph G = C(A,X) into
an orientable surface such that the local cyclic orientation of the darts (g, x) emanating
from any vertex g induced by the orientation of the supporting surface agrees to the
prescribed cyclic permutation P of X . The left regular representation of the underlying
group A of a Cayley map M = CM(A,X, P ) induces a vertex-transitive action of a
subgroup of orientation-preserving automorphisms of M on the vertices of the map. It
follows thatM is regular if and only ifM admits an automorphism which fixes a vertex, say
the identity vertex 1, and maps the dart (1, x) to (1, P (x)). It is a non-trivial observation
that a Cayley map CM(A,X, P ) is regular if and only if there is a skew-morphism ϕ of
A such that the restriction ϕ ↾X of ϕ to X is P [8, Theorem 1].
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Among the variety of problems considered in this direction the most important seems
to be the classification of regular Cayley maps for a given family of finite groups. This
problem is completely settled for finite cyclic groups [5], and only partial results are
known for other abelian groups [3, 4, 17]. For dihedral groups Dn of order 2n, if n is
odd then this problem is solved [11], whereas if n is even only partial classification is at
hand [10, 12, 16, 17, 18, 19]. For other non-abelian groups the interested reader is referred
to [13, 15, 16].
Although skew-morphisms are usually investigated along with regular Cayley maps,
they deserve an independent study in a purely algebraic setting. Let G = AB be a finite
group factorisation where A and B are subgroups of G with A ∩ B = 1. If B = 〈b〉 is
cyclic then the commuting rule bx = ϕ(x)bpi(x) for all x ∈ A determines a skew-morphism
ϕ of A with the associated power function pi. Conversely each skew-morphism ϕ of A
determines a group factorisation AL〈ϕ〉 with AL ∩ 〈ϕ〉 = 1 where AL denotes the left
regular representation of A [4, Proposition 3.1]. Thus there is a correspondence between
skew-morphisms and group factorisations with cyclic complements.
For a skew-morphism ϕ of A of order n, it has been well known that the subgroups
Kerϕ = {x ∈ A | pi(x) = 1} and Coreϕ =
⋂n
i=1 ϕ
i(Kerϕ), called the kernel and core
of ϕ respectively, play important roles in the investigation of skew-morphisms. Based on
properties of these subgroups this paper is devoted to the exposition of a general theory
on skew-morphisms ϕ for which the kernel Kerϕ is invariant with respect to ϕ, that is,
ϕ(Kerϕ) = Kerϕ. Particular attention will be paid on a subclass which we call smooth
skew-morphisms, which means that the associated power function pi takes constant values
on orbits of ϕ. Smooth skew-morphisms of the cyclic groups have been recently classified
by Bachraty´ and Jajcay in [1, 2]. In this paper employing the theory developed we present
a classification of smooth skew-morphisms of the dihedral groups.
2. Preliminaries
In this section we summarise some basic results on skew-morphisms which will be used
later.
Lemma 1. [8] Let ϕ be a skew-morphism of a finite group A, and pi : A → Zn be the
associated power function where n = |ϕ|. Then the following hold true:
(i) for any positive integer k and for all x, y ∈ A, ϕk(xy) = ϕk(x)ϕσ(x,k)(y) where
σ(x, k) =
k∑
i=1
pi(ϕi−1(x)),
(ii) for all x, y ∈ A, pi(xy) ≡ σ(y, pi(x)) (mod n),
(iii) K := Kerϕ = {x ∈ A | pi(x) = 1} is a subgroup of A,
(iv) for all x, y ∈ A, pi(x) = pi(y) if and only if Kx = Ky,
(v) Fixϕ = {x ∈ A | ϕ(x) = x} is a ϕ-invariant subgroup of A.
The subgroups Kerϕ and Fixϕ of A will be called the kernel and fixed-point subgroup
of ϕ.
Lemma 2. [19] Let ϕ be a skew-morphism of a finite group A, and pi : A → Zn be
the associated power function where n = |ϕ|. Then the set Coreϕ =
n⋂
i=1
ϕi(Kerϕ) is a
ϕ-invariant normal subgroup of A contained in Kerϕ.
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Lemma 3. [6] Let ϕ be a skew-morphism of a finite group A, and pi : A → Zn be the
associated power function where n = |ϕ|. Then for any automorphism γ of A, ψ =
γ−1ϕγ is a skew-morphism of A with power function piψ = piγ
−1. In particular Kerψ =
γ−1(Kerϕ) and Coreψ = γ−1(Coreϕ).
Lemma 4. [1, 4] Let ϕ be a skew-morphism of a finite group A, and pi : A→ Zn be the
associated power function where n = |ϕ|. Then for any positive integer k, µ = ϕk is a
skew-morphism of A if and only if the congruences
kt ≡ σ(x, k) (mod n) (1)
are solvable for all x ∈ A, where σ(x, k) =
k∑
i=1
pi(ϕi−1(x)). Moreover, if µ is a skew-
morphism of A, then it has order m = n/ gcd(n, k) and for each x ∈ A, piµ(x) is the
solution of Eq. (1) in Zm; in particular Coreϕ ≤ Coreµ.
Lemma 5. [4] Let ϕ be a skew-morphism of a non-trivial finite group A. Then |ϕ| ≤ |A|
and Kerϕ > 1.
Lemma 6. [7] Let ϕ be a skew-morphism of a finite group A, then for each x ∈ A,
Ox−1 = O
−1
x where O
−1
x = {x
−1 | x ∈ Ox}.
Lemma 7. [6] Let ϕ be a skew-morphism of a finite group A, and pi : A → Zn the
associated power function. Then for each x ∈ A,
σ(x,m) ≡ 0 (mod m),
where σ(x,m) =
m−1∑
i=1
pi(ϕi−1(x)) and m = |Ox| is length of the orbit Ox containing x.
Moreover, σ(x, n) ≡ 0 (mod n).
Proof. By Lemma 1(i) we have 1 = ϕm(xx−1) = ϕm(x)ϕσ(x,m)(x−1) = xϕσ(x,m)(x−1), so
ϕσ(x,m)(x−1) = x−1. By Lemma 6, m = |Ox−1|, so σ(x,m) ≡ 0 (mod m). Since m divides
n, σ(x, n) =
∑n
i=1 pi(ϕ
i−1(x)) = n
m
σ(x,m) ≡ 0 (mod n).
Lemma 8. [6] Let ϕ be a skew-morphism of a finite group A, then for any x, y ∈ A, |Oxy|
divides lcm(|Ox|, |Oy|).
Proof. Denote c = |Ox|, d = |Oy| and l = lcm(|Ox|, |Oy|). Then l = cp = dq for some
positive integers p, q. By Lemma 1(i), ϕl(xy) = ϕl(x)ϕσ(x,l)(y) = xϕσ(x,l)(y). We have
σ(x, l) =
l∑
i=1
pi(ϕi−1(x)) = p
c∑
i=1
pi(ϕi−1(x)) = pσ(x, c). By Lemma 7 σ(x, c) ≡ 0 (mod c),
so σ(x, l) ≡ 0 (mod l). Hence ϕl(xy) = xy, which implies that |Oxy| divides l.
The first part of the following lemma was first proved in [20, Lemma 3.1]. For com-
pleteness we include a different proof.
Lemma 9. Let ϕ be a skew-morphism of a finite group A of order n, let pi : A→ Zn be the
associated power function. If A = 〈x1, · · · , xr〉 then n = lcm(|Ox1|, · · · , |Oxr|). Moreover,
for any g ∈ A, ϕ(g) and pi(g) are completely determined by the action of ϕ and pi on the
generating orbits Ox1, · · · , Oxr .
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Proof. Since A = 〈x1, · · · , xr〉, any element g of A can be expressed as a product of finite
length k in the generators x1, · · · , xr. By Lemma 8 and using induction on k it can be
easily proved that |Og| divides lcm(|Ox1|, · · · , |Oxr |), whence n = lcm(|Ox1|, · · · , |Oxr |).
Moreover, to prove the second part we use induction on the length k of g. If k = 1
then g is a generator of A, the assertion is clearly true. Assume the assertion for words of
length k. Then for a word g of length k + 1, we have g = hx where h is a word of length
k in the generators and x ∈ {x1, · · · , xr}. Then by Lemma 1(i) and (ii), we have
ϕ(g) = ϕ(hx) = ϕ(h)ϕpi(h)(x) and pi(g) ≡ pi(hx) ≡
pi(h)∑
i=1
pi(ϕi−1(x)) (mod n).
Since ϕ(h) and pi(h) are completely determined by the action of ϕ and pi on the generating
orbits, so are ϕ(g) and pi(g), as required.
Lemma 10. [20, Lemma 3.3] Let ϕ be a skew-morphism of a finite group A of order n,
let pi : A → Zn be the associated power function. If N is a ϕ-invariant normal subgroup
of A, then
(i) ϕ induces a skew-morphism ϕ¯ of A¯ = A/N by defining ϕ¯ as ϕ¯(x¯) = ϕ(x) and
the power function p¯i : A¯ → Zm associated with ϕ¯ is determined by p¯i(x¯) ≡ pi(x)
(mod m) where m = |ϕ¯|,
(ii) KerϕN/N ≤ Ker ϕ¯, CoreϕN/N ≤ Core ϕ¯ and FixϕN/N ≤ Fix ϕ¯.
Proof. The proof of (i) can be found in [20, Lemma 3.3] while (ii) is obvious.
3. Invariant subgroups
Let ϕ be a skew-morphism of a finite group A. A subset N of A will be called ϕ-
invariant if ϕ(N) = N . In particular if N is a subgroup of A then it will be called a
ϕ-invariant subgroup of A.
Proposition 11. Let ϕ be a skew-morphism of a finite group A. If M and N are ϕ-
invariant subsets of A, then so are M ∩ N and MN . In particular, if M and N are
ϕ-invariant normal subgroups of A, then so are M ∩N and MN .
Proof. For any y ∈ ϕ(M∩N), there exists x ∈M∩N such that y = ϕ(x). SinceM and N
are both ϕ-invariant, ϕ(x) ∈M and ϕ(x) ∈ N , so y ∈ M∩N , whence ϕ(M∩N) =M∩N .
ThereforeM∩N is also ϕ-invariant. Similarly for any y ∈ ϕ(MN), there exist u ∈M and
v ∈ N such that y = ϕ(uv). We have y = ϕ(uv) = ϕ(u)ϕpi(u)(v) ∈ ϕ(M)ϕ(N) =MN , so
ϕ(MN) =MN , whence MN is also ϕ-invariant.
Let Π be a finite set of primes, a positive integer k will be called a Π-number if all
prime factors of k belong to Π. For instance, if Π = {2, 3}, then 2, 6, 9 are Π-numbers,
whereas 5, 10, 30 are not. We define 1 to be a Π-number for any set Π of primes. Moreover,
let ϕ be a skew-morphism of A, an orbit of ϕ will be called a Π-orbit if its length is a
Π-number. Define OrbitΠϕ to be the union of all Π-orbits of ϕ, namely,
OrbitΠϕ = {x ∈ A | |Ox| is a Π-number}.
Proposition 12. Let ϕ be a skew-morphism of A, let Π be a set of primes, then OrbitΠϕ
is a ϕ-invariant subgroup of A containing Fixϕ.
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Proof. By definition, all fixed points of ϕ belong to OrbitΠϕ, so OrbitΠϕ is not empty.
Moreover, for any x, y ∈ OrbitΠϕ, |Ox| and |Oy| are Π-numbers, so lcm(|Ox|, |Oy|) is also
a Π-number. By Lemma 8, |Oxy| divides lcm(|Ox|, |Oy|). It follows that |Oxy| is also a
Π-number. Hence xy ∈ OrbitΠϕ. Therefore, OrbitΠϕ is a subgroup of A, which is clearly
ϕ-invariant.
Example 13. Consider the skew-morphism of the cyclic group Z21 defined by
ϕ = (0)(1, 2, 4, 8, 16, 11)(3, 6, 12)(5, 10, 20, 19, 17, 13)(7, 14)(9, 18, 15).
Then Orbit{2}ϕ = 〈7〉, Orbit{3}ϕ = 〈3〉, Orbit{5}ϕ = 〈0〉, and Orbit{2,3}ϕ = Z21.
In what follows we study ϕ-invariant subgroups via the covering of skew-morphisms.
Definition 14. Let ϕi be skew-morphisms of finite groups Ai (i = 1, 2). If there is an
epimorphism θ : A1 → A2 such that for all x ∈ A1
θϕ1(x) = ϕ2θ(x),
then ϕ1 will be called a covering (or a lift) of ϕ2, and ϕ2 will be called a projection
(or a quotient) of ϕ1. The covering will be denoted by ϕ1 → ϕ2, and the epimorphism
θ : A1 → A2 will be said to be associated with the covering.
Lemma 15. Let ϕi be skew-morphisms of finite groups Ai (i = 1, 2), let ϕ1 → ϕ2 be a
covering between skew-morphisms, and θ : A1 → A2 the associated epimorphism. Then
(i) every ϕ1-invariant subgroup M of A1 projects to a ϕ2-invariant subgroup θ(M) of
A2,
(ii) every ϕ2-invariant subgroup N of A2 lifts to a ϕ1-invariant subgroup θ
−1(N) of A1.
Proof. (i) For any y ∈ θ(M), y = θ(x) for some x ∈ M . Since M is ϕ1-invariant,
ϕ1(x) ∈M , so ϕ2(y) = ϕ2θ(x) = θϕ1(x) ∈ θ(M), whence θ(M) is ϕ1-invariant.
(ii) For any x ∈ θ−1(N), y = θ(x) ∈ N . Since N is ϕ2-invariant, ϕ2(y) ∈ N , so
θϕ1(x) = ϕ2θ(x) = ϕ2(y) ∈ N . Hence ϕ1(x) ∈ θ
−1(N).
Since the identity subgroup, the fixed-point subgroup Fixϕ2 and the core Coreϕ2 are
all ϕ2-invariant subgroups of A2, by Lemma 15, the kernel Ker θ = θ
−1(1), the preimages
θ−1(Fixϕ2) and θ
−1(Coreϕ2) are all ϕ1-invariant subgroups of A1. In particular, Ker θ
and θ−1(Coreϕ2) are both normal in A1.
Now we are ready to introduce a new invariant subgroup for an arbitrary skew-
morphism ϕ. An element of A will be called smooth if ϕ(x) ≡ x (mod Coreϕ). Define
Smoothϕ to be the set of smooth elements of ϕ in A, that is,
Smoothϕ = {x ∈ A | ϕ(x) ≡ x (mod Coreϕ)}.
Proposition 16. Let ϕ be a skew-morphism of a finite group A of order n, and pi :
A → Zn be the associated power function. Let ϕ¯ be the induced skew-morphism of ϕ on
A¯ = A/Coreϕ. Take arbitrary x ∈ A. Then the following are equivalent,
(i) x ∈ Smoothϕ,
(ii) pi(ϕi(x)) = pi(x) for all nonnegative integers i,
(iii) x¯ ∈ Fix ϕ¯.
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Proof. (i)⇒(ii). Since x ∈ Smoothϕ, ϕ(x) = ux for some u ∈ Coreϕ. It follows that
ϕi(x) = ϕi−1(u) · · ·ϕ(u)ux for all nonnegative integers i. Noting that ϕi−1(u) · · ·ϕ(u)u ∈
Coreϕ, we have pi(ϕi(x)) = pi(x).
(ii)⇒(iii). Since pi(ϕ(x)) = pi(x), we have ϕ(x) = ux for some u ∈ Kerϕ and then
ϕ2(x) = ϕ(ux) = ϕ(u)ϕ(x) = ϕ(u)ux. Since pi(ϕ2(x)) = pi(x), we get ϕ(u)u ∈ Kerϕ and
therefore ϕ(u) ∈ Kerϕ. Repeat the above process, we get ϕi(u) ∈ Kerϕ for all positive
integer i. It follows that u ∈ Coreϕ and then ϕ¯(x¯) = x¯, that is, x¯ ∈ Fix ϕ¯.
(iii)⇒(i). Since x¯ ∈ Fix ϕ¯, we have ϕ¯(x¯) = x¯ and then ϕ(x) = ux for some u ∈ Coreϕ.
Therefore x ∈ Smoothϕ.
The following proposition is a direct corollary of Proposition 16 and the proof is
omitted.
Corollary 17. Suppose ϕ, A, ϕ¯ and A¯ are the same as Proposition 16. Then Smoothϕ
is a ϕ-invariant subgroup of A and Fixϕ = Smoothϕ. In particular,
(i) Smoothϕ = Coreϕ if and only if Fix ϕ¯ = 1¯,
(ii) Smoothϕ = A if and only if Fix ϕ¯ = A¯, and
(iii) Smoothϕ = Fixϕ if Coreϕ = 1.
Example 18. Consider a skew-morphism of the cyclic group Z18 defined by
ϕ = (0)(1, 15, 17, 7, 3, 5, 13, 9, 11)(2, 14, 8)(4, 10, 16)(6)(12),
pi = [ 1 ][2, 5, 8, 2, 5, 8, 2, 5, 8 ] [ 7, 7, 7 ] [ 4, 4, 4] [ 1 ][ 1 ].
Then Coreϕ = 〈6〉, so ϕ¯ = (0¯)(1¯, 3¯, 5¯)(2¯)(4¯) and Smoothϕ = 〈2〉.
4. Smooth skew-morphisms
In general the kernel Kerϕ of a skew-morphism ϕ does not have to be a ϕ-invariant
subgroup. If Kerϕ is ϕ-invariant then ϕ will be called kernel-preserving. Clearly, ϕ is
kernel-preserving if and only if Coreϕ = Kerϕ.
The following lemma summarizes some basic properties of kernel-preserving skew-
morphisms.
Lemma 19. Let ϕ be a kernel-preserving skew-morphism of a finite group A of order n,
let pi : A→ Zn be the associated power function, then
(i) K = Kerϕ is a normal subgroup of A, and the restriction of ϕ to K is an automor-
phism of K,
(ii) for some positive integer k if µ = ϕk is a skew-morphism of A, then Kerϕ ≤ Kerµ,
(iii) for any automorphism γ of A, γ−1ϕγ is a kernel-preserving skew-morphism of A,
(iv) for any pair of elements x ∈ A and u ∈ Kerϕ there is a unique element v ∈ Kerϕ
such that xu = vx and ϕ(x)ϕpi(x)(u) = ϕ(v)ϕ(x). In particular if A is abelian then
pi(x) ≡ 1 (mod k) where k is the order of the restriction of ϕ to K.
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Proof. (i) Since ϕ is kernel-preserving, Kerϕ = Coreϕ, which is a normal subgroup of A.
Moreover, for all x, y ∈ K we have ϕ(xy) = ϕ(x)ϕ(y), so ϕ ↾K is an automorphism of K.
(ii) Since ϕ is kernel-preserving we have Kerϕ = Coreϕ. By Lemma 4 Coreϕ ≤
Coreµ. Since Coreµ ≤ Kerµ we get Kerϕ ≤ Kerµ.
(iii) This is an immediate consequence of Lemma 3.
(iv) Since K E A, for any pair (x, u) of elements x ∈ A and u ∈ K there is a unique
element v ∈ K such that xu = vx. Then ϕ(x)ϕpi(x)(u) = ϕ(xu) = ϕ(vx) = ϕ(v)ϕ(x).
In particular if A is abelian then u = v and ϕpi(x)(u) = ϕ(u) for all u ∈ K, so pi(x) ≡ 1
(mod k).
It is well known that every skew-morphism of an abelian group is kernel-preserving [3,
Lemma 5.1]. For non-abelian simple groups we have
Proposition 20. Every kernel-preserving skew-morphism of a non-abelian finite simple
group A is an automorphism of A.
Proof. If ϕ is not an automorphism of A then by Lemma 5 we have 1 < Kerϕ < A. Since
ϕ is kernel-preserving, by Lemma 19(i) KerϕEA, a contradiction.
Let ϕ be a skew-morphism of a finite group A. Recall that Smoothϕ consists of
elements x ∈ A such that ϕ(x) ≡ x (mod Coreϕ). If Smoothϕ = A then ϕ will be
called smooth. The concept of smooth skew-morphisms was first introduced by Hu in the
unpublished manuscript [6]. It was rediscovered by Bachraty´ and Jajcay under the name
of coset-preserving skew-morphisms [1].
Lemma 21. Let ϕ be a skew-morphism of a finite group A. If ϕ is smooth then every
subgroup of A containing Coreϕ is ϕ-invariant, and in particular, ϕ is kernel-preserving.
Proof. By Proposition 16 if ϕ is smooth then the induced skew-morphism ϕ¯ of A¯ =
A/Coreϕ is the identity permutation on A¯. Since every subgroup of A¯ is ϕ¯-invariant, it
follows from Lemma 15 that every subgroup of A containing Coreϕ is ϕ-invariant. Since
Coreϕ ≤ Kerϕ, ϕ(Kerϕ) = Kerϕ.
The following lemma characterizes smooth skew-morphisms in terms of the power
functions.
Lemma 22. Let ϕ be a skew-morphism of a finite group A of order n, let pi : A → Zn
be the associated power function. Then ϕ is smooth if and only if pi(ϕ(x)) = pi(x) for all
x ∈ A.
Proof. If ϕ is smooth then by Proposition 16, pi(ϕ(x)) = pi(x) for all x ∈ A. Conversely,
if pi(ϕ(x)) = pi(x) for all x ∈ A, then for all u ∈ Kerϕ we have pi(ϕ(u)) = pi(u) = 1,
so ϕ(u) ∈ Kerϕ, which implies that Kerϕ = Coreϕ. Therefore by Lemma 1(iv) the
condition pi(ϕ(x)) = pi(x) implies that ϕ(x) ≡ x (mod Coreϕ), that is, ϕ is smooth.
It turns out that any smooth skew-morphism ϕ preserves cosets of Kerϕ in A. It is this
reason that smooth skew-morphisms were also called coset-preserving skew-morphisms in
[1, 2].
For a skew-morphism ϕ of A, the smallest positive integer p such that pi(ϕp(x)) = pi(x)
is called the periodicity of ϕ. Periodicity of skew-morphisms was introduced as a tool to
study skew-morphisms of abelian groups [2]. The following theorem is a generalization of
the results obtained in [2].
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Theorem 23. Let ϕ be a kernel-preserving skew-morphism of a finite group A of order
n with pi being the associated power function, let ϕ¯ be the induced skew-morphism of
A¯ = A/Kerϕ of order m by ϕ, then
(i) m is equal to the periodicity of ϕ, and in particular m divides n,
(ii) if ϕ is non-trivial, then µ = ϕm is also non-trivial,
(iii) µ = ϕm is a smooth skew-morphism of A of order n/m, and in particular µ is an
automorphism of A if and only if σ(x,m) ≡ m (mod n) for all x ∈ A,
(iv) ϕ¯ is smooth if and only if pi(ϕ(x)) ≡ pi(x) (mod m) for all x ∈ A,
(v) if x¯ ∈ Ker ϕ¯ then pi(x) ≡ 1 (mod m), and in particular ϕ¯ is an automorphism of
A¯ = A/K if and only if pi(x) ≡ 1 (mod m) for all x ∈ A.
Proof. (i) Let p be the periodicity of ϕ. Then for all x ∈ A we have pi(ϕp(x)) = pi(x),
so ϕp(x) = ux for some u ∈ K := Kerϕ, or equivalently ϕ¯p(x¯) = x¯, which implies that
m ≤ p. On the other hand, since |ϕ¯| = m, for any x ∈ A, ϕ¯m(x¯) = x¯, so there is an
element u ∈ K such that ϕm(x) = ux. Hence pi(ϕm(x)) = pi(ux) = pi(x). The minimality
of p then implies that p ≤ m.
(ii) If ϕ is non-trivial, then |A : Kerϕ| < |ϕ| = n. By Lemma 5 m = |ϕ¯| ≤ |A¯| = |A :
Kerϕ|, so m is a proper divisor of n, whence ϕm is non-trivial.
(iii) By (i) for each x ∈ A we have
σ(x, n) =
n∑
i=1
pi(ϕi−1(x)) =
n
m
m∑
i=1
pi(ϕi−1(x)) =
n
m
σ(x,m) (mod n).
By Lemma 7 σ(x, n) = 0 (mod n), so σ(x,m) ≡ 0 (mod m). Hence by Lemma 4 µ = ϕm
is a skew-morphism of A with its power function determined by piµ(x) ≡ σ(x,m)/m
(mod n/m). By (i), pi(µ(x)) = pi(ϕm(x)) = pi(x), so piµ(µ(x)) = piµ(x) whence µ is
smooth.
(iv) By Lemma 22, ϕ¯ is smooth if and only if p¯i(ϕ¯(x¯)) = p¯i(x¯) for all x ∈ A, or
equivalently pi(ϕ(x)) ≡ pi(x) (mod m).
(v) If x¯ ∈ Ker ϕ¯, then for all y ∈ A we have
ϕ(x)ϕpi(x)(y) = ϕ(xy) = ϕ¯(x¯y¯) = ϕ¯(x¯)ϕ¯(y¯) = ϕ(x)ϕ(y),
so ϕpi(x)(y) = ϕ(y), and hence ϕ¯pi(x)−1(y¯) = y¯. Therefore pi(x) ≡ 1 (mod m).
Example 24. Consider a skew-morphism of the cyclic group Z18 given by
ϕ = (0)(1, 5, 13, 11, 7, 17)(2, 16, 8, 10, 14, 4)(3, 5)(6, 12)(9),
pi = [ 1 ][3, 5, 3 , 5 , 3, 5 ][5, 3, 5, 3, 5, 3][ 1, 1 ][1, 1] [ 1 ].
Then Kerϕ = 〈3〉 and ϕ¯ = (0¯)(1¯, 2¯). The periodicity of ϕ is 2, which is precisely the order
of ϕ¯. Since σ(x, 2) ≡ 0 (mod 2), by Theorem 23(iii), µ = ϕ2 is an automorphism of A.
The following theorem summarizes the most important properties of smooth skew-
morphisms, see also [1, 6].
Theorem 25. Let ϕ be a smooth skew-morphism of A of order n, let pi : A→ Zn be the
associated power function. Then
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(i) pi : A → Zn is a group homomorphism from A to the multiplicative group Z
∗
n with
Ker pi = Kerϕ,
(ii) for any ϕ-invariant normal subgroup N of A, the induced skew-morphism ϕ¯ on A/N
is also smooth, in particular, if N = Kerϕ then ϕ¯ is the identity permutation,
(iii) for any positive integer k, µ = ϕk is a smooth skew-morphism,
(iv) for any automorphism γ of A, ψ = γ−1ϕγ is a smooth skew-morphism of A.
Proof. By Proposition 16, pi(ϕi(x)) = pi(x) for all nonnegative integers i. Then by
Lemma 1(ii) pi(xy) ≡
pi(x)∑
i=1
pi(ϕi−1(y)) ≡ pi(x)pi(y) (mod n). Therefore pi is a group ho-
momorphism from A to the multiplicative group Z∗n.
(ii) Since ϕ is smooth, we have pi(ϕ(x)) = pi(x) and then p¯i(ϕ¯(x¯)) = p¯i(x¯)) where
m = |ϕ¯|. By Lemma 22, ϕ¯ is smooth.
(iii) Recalling that pi(ϕi(x)) = pi(x) for all i, we get
σ(x, k) =
k∑
i=1
pi(ϕi−1(x)) ≡ kpi(x) (mod n)
for any positive integer k, which implies the equation kt ≡ σ(x, k) (mod n) is solvable
for all x ∈ A. Therefore by Lemma 4 µ = ϕk is a skew-morphism of A and the associated
power function piµ : A→ Zm is given by piµ(x) ≡ pi(x) (mod m) where m = n/ gcd(n, k)
is the order of µ. Since piµ(µ(x)) ≡ pi(ϕ
k(x)) ≡ pi(x) ≡ piµ(x) (mod m), by Lemma 22 µ
is also smooth.
(iv) By Lemma 1(viii), ψ = γ−1ϕγ is a skew-morphism with Coreψ = γ−1(Coreϕ).
Since ϕ is smooth and γ is an automorphism, for all x ∈ A we have ϕ(γ(x)) ≡ γ(x)
(mod Coreϕ), so γ−1ϕγ(x) ≡ x (mod γ−1(Coreϕ)), that is, ψ(x) ≡ x (mod Coreψ).
Therefore ψ is also smooth.
5. Smooth skew-morphisms of the dihedral groups
Throughout this section Dn will denote the dihedral group of order 2n given by the
presentation
Dn = 〈a, b | a
n = b2 = 1, b−1ab = a−1〉, n ≥ 3. (2)
The following lemma determines the normal subgroups of Dn.
Lemma 26. Let K be a proper normal subgroup of Dn, n ≥ 3. Then
(i) if n is odd then K = 〈au〉 where u divides n,
(ii) if n is even then either K = 〈a2, b〉, K = 〈a2, ab〉 or K = 〈au〉 where u divides n.
Proof. First note that all elements of Dn can be written as the form a
u or avb where
0 ≤ u, v < n. If K contains no elements of the form avb then K = 〈au〉 for some u
dividing n. It is clear that all such subgroups are normal in Dn.
On the other hand if K contains an element x = avb, then since 〈x〉 6E Dn, K must
contain another element y 6∈ 〈x〉. If y = aub then y = aub = (avb)−1av−u = x−1av−u.
Hence without loss of generality we may assume that y = as where s is the smallest
positive integer such that as ∈ K.
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We proceed to show that K = 〈as, avb〉. For any z ∈ K, we have z = ak or z = akb
for some integer k. If z = ak, then by the division algorithm there are two integers q, r
such that k = sq + r where 0 ≤ r < s. It follows that ar = ak−sq = ak(as)−q ∈ K. By
the minimality of s we have r = 0, so ak ∈ 〈as, avb〉. On the other hand, if z = akb then
ak−v = akbavb ∈ K, so as the former case we have ak−v ∈ 〈as, avb〉. Hence z = akb =
ak−v(avb)−1 ∈ 〈as, avb〉. Therefore K = 〈as, avb〉.
Since K E Dn, [a, a
vb] ∈ K. We have [a, avb] = [a, b] = a−2, so a−2 ∈ K, whence
〈a2, avb〉 ≤ K. If n is odd then 〈a〉 = 〈a2〉, so K = 〈a, avb〉 = Dn, contrast to the
assumption that K < Dn. Therefore n is even. Since 〈a
2, avb〉 is a maximal subgroup of
Dn, we have K = 〈a
2, avb〉. If v is even, then K = 〈a2, avb〉 = 〈a2, b〉. If v = 2v′ + 1 is
odd, then avb = a2v
′+1b = a2v
′
(ab) ∈ 〈a2, ab〉, so K = 〈a2, avb〉 = 〈a2, ab〉, as claimed.
Lemma 27. [4] Let ϕ be a skew-morphism of Dn where n ≥ 3, then Kerϕ 6= 〈a〉.
Lemma 28. Let ϕ be a smooth skew-morphism of Dn, n ≥ 3. If n is odd, then ϕ is
an automorphism of A, whereas if n is even and ϕ is not an automorphism of Dn then
Kerϕ = 〈a2〉, Kerϕ = 〈a2, ab〉 or Kerϕ = 〈a2, b〉. In particular, in the latter two cases
ϕ is a smooth skew-morphism with Kerϕ = 〈a2, b〉 if and only if γ−1ϕγ is a smooth
skew-morphism with Kerϕ = 〈a2, ab〉 where γ : a 7→ a, b 7→ ab is an automorphism of Dn.
Proof. Assume that ϕ is not an automorphism of A then 1 < Kerϕ < Dn. Since ϕ is
smooth, by Theorem 25(i) the power function pi : Dn → Z
∗
|ϕ| is a group homomorphism,
with Ker pi = Kerϕ. It follows that Kerϕ is a nontrivial proper normal subgroup of A.
Since Z∗|ϕ| is abelian, D
′
n ≤ Kerϕ where D
′
n is the derived subgroup of Dn.
If n is odd then D′n = 〈a〉 which is a maximal subgroup of Dn. By Lemma 27
Kerϕ 6= 〈a〉, so Kerϕ = Dn, and hence ϕ is automorphism of Dn, a contradiction.
On the other hand if n is even then D′n = 〈a
2〉, so 〈a2〉 ≤ Kerϕ. By Lemma 26
Kerϕ ≤ 〈a〉, or Kerϕ = 〈a2, b〉, or Kerϕ = 〈a2, ab〉. For the first case, by lemma 27
Kerϕ 6= 〈a〉, so Kerϕ = 〈a2〉. For the latter two cases every smooth skew-morphism with
kernel 〈a, b〉 is conjugate to a skew-morphism with kernel 〈a, ab〉 by the automorphism
γ : a 7→ a, b 7→ ab, as claimed.
The following result classifies smooth skew-morphisms of the dihedral groups Dn with
Kerϕ = 〈a2〉 for even integer n ≥ 4.
Theorem 29. Let Dn be the dihedral group of order 2n where n ≥ 4 is an even number.
Then every smooth skew-morphism of Dn with Kerϕ = 〈a
2〉 is defined by

ϕ(a2i) = a2iu,
ϕ(a2i+1) = a2iu+2r+1,
ϕ(a2ib) = a2iu+2s,
ϕ(a2i+1b) = a2iu+2r+2sσ(u,e)+1b
and


pi(a2i) = 1,
pi(a2i+1) = e,
pi(a2ib) = f,
pi(a2i+1b) = ef,
(3)
where r, s, u, k, e, f are nonnegative integers satisfying the following conditions
(i) r, s ∈ Zn/2 and u ∈ Z
∗
n/2,
(ii) k is the order of ϕ, which is the smallest positive integer such that rσ(u, k) ≡ 0
(mod n/2) and sσ(u, k) ≡ 0 (mod n/2) where σ(u, k) =
k∑
i=1
ui−1,
(iii) e, f ∈ Z∗k such that e 6≡ 1 (mod k), f 6≡ 1 (mod k), ef 6≡ 1 (mod k), e
2 ≡ 1
(mod k) and f 2 ≡ 1 (mod k),
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(iv) ue−1 ≡ 1 (mod n/2) and uf−1 ≡ 1 (mod n/2),
(v) rσ(u, e− 1) ≡ u− 2r − 1 (mod n/2),
(vi) sσ(u, f − 1) ≡ 0 (mod n/2),
(vii) rσ(u, f − 1) + sσ(u, e− 1) ≡ u− 2r − 1 (mod n/2).
Proof. By Theorem 25, the induced skew-morphism ϕ¯ on Dn/Kerϕ is the identity per-
mutation, so there exist integers r, s ∈ Zn/2 such that
ϕ(a) = a1+2r and ϕ(b) = a2sb.
Since ϕ is kernel-preserving, the restriction of ϕ to Kerϕ = 〈a2〉 is an automorphism,
so ϕ(a2) = a2u where u ∈ Z∗n/2. Assume that pi(a) ≡ e (mod k) and pi(b) ≡ f (mod k)
where k = |ϕ|.
Using induction it is easy to show that for any positive integer j,
ϕj(a) = a1+2rσ(u,j), ϕj(b) = a2sσ(u,j)b
where
σ(u, j) =
j∑
i=1
ui−1.
Since Dn = 〈a, b〉, the order k = |ϕ| is equal to lcm(|Oa|, |Ob|), the least common multiple
of the lengths of the orbits containing a and b, or equivalently the smallest positive integer
k such that ϕk(a) = a and ϕk(b) = b. Using the above formula we then deduce that k is the
smallest positive integer such that rσ(u, k) ≡ 0 (mod n/2) and sσ(u, k) ≡ 0 (mod n/2).
Now we determine the skew-morphism and the associated power function. By the
assumption we have ϕ(a2i) = ϕ((a2)i) = (a2u)i = a2iu and ϕ(a2ib) = ϕ(a2i)ϕ(b) = a2iu+2sb.
Similarly, ϕ(a2i+1) = ϕ(a2ia) = ϕ(a2i)ϕ(a) = a1+2r+2iu and ϕ(a2i+1b) = ϕ(a2i)ϕ(a)ϕe(b) =
a2iu+1+2r+2sσ(u,e). Since pi : Dn → Z
∗
k is a group homomorphism, we have e
2 ≡ pi(a)2 =
pi(a2) ≡ 1 (mod k) and e2 ≡ pi(a)2 ≡ pi(a2) ≡ 1 (mod k), so e2 ≡ 1 (mod k) and f 2 ≡ 1
(mod k). Hence pi(a2i) ≡ 1, pi(a2i+1) ≡ e, pi(a2ib) ≡ f , pi(a2i+1b) ≡ ef . In particular,
since |Dn : Kerϕ| = 4 is equal to the number of distinct values of the power function, we
have e 6≡ f (mod k), e 6≡ 1 (mod k) and f 6≡ 1 (mod k). Therefore ϕ and pi have the
form given by Eq. (3).
Moreover, since ϕ(a)ϕe(a2) = ϕ(a)ϕpi(a)(a2) = ϕ(aa2) = ϕ(a2a) = ϕ(a2)ϕ(a), we get
a1+2r+2u
e
= ϕ(a)ϕe(a2) = ϕ(a2)ϕ(a) = a1+2r+2u. Hence ue−1 ≡ 1 (mod n/2). Similarly,
since ϕ(b)ϕf (a2) = ϕ(b)ϕpi(b)(a2) = ϕ(ba2) = ϕ(a−2b) = ϕ(a−2)ϕ(b), we obtain a2s−2u
f
b =
a2sba2u
f
= ϕ(b)ϕf (a2) = ϕ(a−2)ϕ(b) = a2s−2ub. Hence uf−1 ≡ 1 (mod n/2).
Furthermore, since a2u = ϕ(a2) = ϕ(a)ϕpi(a)(a) = ϕ(a)ϕe(a) = a2+2r+2rσ(u,e), we get
r(1 + σ(u, e)) ≡ u− 1 (mod n/2). (4)
Similarly 1 = ϕ(b2) = ϕ(b)ϕpi(b)(b) = ϕ(b)ϕf (b) = a2sba2sσ(u,f)b = a2s−2sσ(u,f), we obtain
sσ(u, f) ≡ s (mod n/2). (5)
Employing induction it is easy to derive ϕj(a−1) = a1−2u
j+2rσ(u,j) where j is an ar-
bitrary positive integer. Then ϕ(a)ϕe(b) = ϕ(ab) = ϕ(ba−1) = ϕ(b)ϕf(a−1). Upon
substitution we get a1+2r+2sσ(u,e)b = ϕ(a)ϕe(b) = ϕ(b)ϕf (a−1) = a2sba1−2u
f+2rσ(u,f) =
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a2s−1+2u
f−2rσ(u,f)b. Hence rσ(u, f) + sσ(u, e) ≡ s + uf − r − 1 (mod n/2). Since uf ≡ u
(mod n/2) the congruence is reduced to
rσ(u, f) + sσ(u, e) ≡ s+ u− r − 1 (mod n/2). (6)
Recall that ue−1 ≡ 1 (mod n/2) and uf−1 ≡ 1 (mod n/2), so σ(u, e) ≡ σ(u, e − 1) + 1
(mod n/2) and σ(u, f) ≡ σ(u, f − 1) + 1 (mod n/2). Upon substitution the congruences
(4), (5) and (6) are reduced to (v), (vi) and (vii), respectively.
Conversely, for any quintuple (r, s, u, e, f) of nonnegative integers satisfying the stated
numerical conditions, it is straightforward to verify that ϕ given by Eqn. (3) is a smooth
skew-morphism of Dn of order k with Kerϕ = 〈a
2〉 and the function pi is the associated
power function. We leave it as an exercise to the reader.
Remark 1. In Theorem 29, consider the particular case where u = 1. By (ii) we have
k = lcm(
n/2
gcd(r, n/2)
,
n/2
gcd(s, n/2)
).
The numerical conditions are reduced to

e2 ≡ 1 (mod k),
f 2 ≡ 1 (mod k),
r(e+ 1) ≡ 0 (mod n/2),
s(f − 1) ≡ 0 (mod n/2),
r(f + 1) + s(e− 1) ≡ 0 (mod n/2),
where r, s ∈ Zn/2, e, f ∈ Zk such that e 6≡ 1 (mod k), f 6≡ 1 (mod k) and ef 6≡ 1
(mod k). If n = 8m where m ≥ 3 is an odd number, then it can be easily verified that
the quintuple (r, s, u, e, f) = (m+ 4, m, 1, 4m− 1, 2m− 1) fulfil the numerical conditions.
Therefore we obtain an infinite family of skew-morphisms ofD8m of order 4m with Kerϕ =
〈a2〉. This example was first discovered by Zhang and Du in [20, Example 1.4].
The following theorem classifies smooth skew-morphisms of the dihedral group Dn
with Kerϕ = 〈a2, b〉 where n ≥ 8 is even.
Theorem 30. Let Dn be the dihedral group of order 2n where n ≥ 8 is an even number.
If ϕ is a smooth skew-morphism of Dn with Kerϕ = 〈a
2, b〉 then ϕ belongs to one of the
following two families of skew-morphisms:
(I) skew-morphisms of order k defined by

ϕ(a2i) = a2iu,
ϕ(a2i+1) = a(2i+1)u+2r+1,
ϕ(ba2i) = ba2iu+2s,
ϕ(ba2i+1) = ba2r+2s+2iu+1
and


pi(a2i) = 1,
pi(a2i+1) = e,
pi(ba2i) = 1,
pi(ba2i+1) = e,
(7)
where r, s, u, k, e are nonnegative integers satisfying the following conditions
(i) r, s ∈ Zn/2, u ∈ Z
∗
n/2 such that u− 1− 2r 6≡ 0 (mod n/2),
(ii) k is the smallest positive integer such that rσ(u, k) ≡ 0 (mod n/2) and sσ(u, k) ≡
0 (mod n/2) where σ(u, k) =
k∑
i=1
ui−1,
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(iii) e ∈ Z∗k such that e 6≡ 1 (mod k), e
2 ≡ 1 (mod k) and ue−1 ≡ 1 (mod n/2),
(iv) rσ(u, e− 1) ≡ u− 2r − 1 (mod n/2),
(v) sσ(u, e− 1) ≡ −u+ 2r + 1 (mod n/2).
(II) skew-morphisms of order 2(e− 1) defined by

ϕ(a2i) = a2iu,
ϕ(a2i+1) = ba2r−2iu+1,
ϕ(ba2i) = ba2s+2iu,
ϕ(ba2i+1) = a2r−2s−2iu+1
and


pi(a2i) = 1,
pi(a2i+1) = e,
pi(ba2i) = 1,
pi(ba2i+1) = e,
(8)
where r, s, u, e are nonnegative integers satisfying the following conditions
(i) r, s ∈ Zn/2, u ∈ Z
∗
n/2 and e > 1 is an odd number,
(ii) ue−1 ≡ −1 (mod n/2),
(iii) sσ(u, e− 1) ≡ u+ 2r + 1 (mod n/2) where σ(u, e− 1) =
e−1∑
i=1
ui−1,
(iv) rξ(u, e− 1) ≡ sζ(u, e− 1)− 1 (mod n/2) where ξ(u, e− 1) =
e−1∑
i=1
(−u)i−1 and
ζ(u, e− 1) =
(e−1)/2∑
i=1
u2(i−1).
Proof. By Theorem 25 the induced skew-morphism ϕ¯ of Dn/Kerϕ is the identity and the
restriction of ϕ to Kerϕ = 〈a2, b〉 is an automorphism of Kerϕ. It follows that there exist
integers r, s, u ∈ Zn/2 and l ∈ Z2 such that
ϕ(a) = bla1+2r, ϕ(b) = ba2s and ϕ(a2) = a2u.
Assume that pi(a) ≡ e (mod k) where k = |ϕ| denotes the order of ϕ. Since b ∈ Kerϕ,
pi(b) ≡ 1 (mod k) . By Theorem 25 the power function pi : Dn → Zk is a group homo-
morphism from Dn to the multiplicative group Z
∗
k, so
e−1 ≡ pi(a−1) ≡ pi(b−1ab) ≡ pi(b) ≡ e (mod k),
which is equivalent to e2 ≡ 1 (mod k). Hence pi(a2i) ≡ pi(a2ib) ≡ 1 and pi(a2i+1) ≡
pi(a2i+1b) ≡ e. Since the number of distinct values of the power function is equal to
|Dn : Kerϕ| = 2, we have e 6≡ 1 (mod k). To proceed we distinguish two cases:
Case (I). l = 0.
In this case we have
ϕ(a) = a1+2r, ϕ(b) = ba2s and ϕ(a2) = a2u.
Then ϕ(a2i) = ϕ(a2)i = a2iu and ϕ(ba2i) = ϕ(b)ϕ(a2)i = ba2iu+2s. Similarly, ϕ(a2i+1) =
ϕ(a2ia) = ϕ(a2)iϕ(a) = a2iu+2r+1 and ϕ(ba2i+1) = ϕ(ba2ia) = ϕ(b)ϕ(a2i)ϕ(a) = ba2r+2s+2iu+1.
Hence the skew-morphism has the form given by Eq. (7).
Using induction it is easy to prove that ϕj(a) = a1+2rσ(u,j) and ϕj(b) = ba2sσ(u,j) where
j is a positive integer and σ(u, j) =
j∑
i=1
ui−1. Since Dn = 〈a, b〉, k = |ϕ| is the smallest
positive integer such that ϕk(a) = a and ϕk(b) = b, which imply that rσ(u, k) ≡ 0
(mod n/2) and sσ(u, k) ≡ 0 (mod n/2).
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Moreover, since ϕ(a)ϕe(a2) = ϕ(aa2) = ϕ(a2a) = ϕ(a2)ϕ(a), we have ϕ(a)ϕe(a2) =
a1+2r+2u
e
and ϕ(a2)ϕ(a) = a1+2r+2u, so ue−1 ≡ 1 (mod n/2).
Note that a2u = ϕ(a2) = ϕ(a)ϕe(a) = a1+2ra1+2rσ(u,e) = a2+2r+2rσ(u,e), so we obtain
r
(
σ(u, e) + 1
)
≡ u− 1 (mod n/2). (9)
Similarly, ϕ(a)ϕe(b) = ϕ(ab) = ϕ(ba−1) = ϕ(b)ϕ(a−1) = ϕ(b)ϕ(a−2a) = ϕ(b)ϕ(a−2)ϕ(a).
By the above formula ϕ(a)ϕe(b) = a1+2rba2sσ(u,e) = ba−1−2r+2sσ(u,e) and ϕ(b)ϕ(a−2)ϕ(a) =
ba1+2r+2s−2u. Consequently
s(σ(u, e)− 1) ≡ −u+ 2r + 1 (mod n/2). (10)
Recall that ue−1 ≡ 1 (mod n/2), so σ(u, e) = σ(u, e−1)+ue−1 ≡ σ(u, e−1)+1 (mod n/2).
Upon substitution Eqs. (9) and (10) are reduced to rσ(u, e− 1) ≡ u− 2r− 1 (mod n/2)
and sσ(u, e− 1) ≡ −u+2r+1 (mod n/2). Since e < k, the minimality of k implies that
rσ(u, e− 1) 6≡ 0 (mod n/2) or sσ(u, e− 1) 6≡ 0 (mod n/2), so u− 2r− 1 6≡ 0 (mod n/2).
Case (II). l = 1.
In this case we have
ϕ(a) = ba1+2r, ϕ(b) = ba2s and ϕ(a2) = a2u.
Then ϕ(a2i) = a2iu and ϕ(ba2i) = ϕ(b)ϕ(a2i) = ba2s+2iu. Similarly, ϕ(a2i+1) = ϕ(a2ia) =
a2iuba1+2r = ba2r−2iu+1 and ϕ(ba2i+1) = a2r−2s−2iu+1. Hence ϕ has the form given by
Eq. (8).
Using induction it is easy to derive the following formula
ϕj(b) = ba2sσ(u,j) and ϕj(a) =
{
a2rξ(u,j)−2sζ(u,j)+1, if j is even,
ba2rξ(u,j)+2suζ(u,j−1)+1, if j is odd
where j ≥ 2 is a positive integer and
σ(u, j) =
j∑
i=1
ui−1, ξ(u, j) =
j∑
i=1
(−u)j−1 and ζ(u, j) =
j/2∑
i=1
u2(i−1).
Since ϕ(a) = ba1+2r and Dn = 〈a, ba
1+2r〉, k = |ϕ| = |Oa|, so k is the smallest positive
integer such that rξ(u, k) ≡ sζ(u, k) (mod n/2). In particular we see k must be even.
Note that ϕ(a2) = ϕ(a)ϕe(a). Since gcd(e, k) = 1, e is odd, so by the above formula
ϕ(a)ϕe(a) = ba1+2rba2rξ(u,e)+2stζ(u,e−1)+1 = a2rξ(u,e)−2r+2suζ(u,e−1). Recall that ϕ(a2) = a2u.
Consequently we obtain
rξ(u, e) + suζ(u, e− 1) ≡ r + u (mod n/2). (11)
Furthermore, ϕ(a)ϕe(a2) = ϕ(aa2) = ϕ(a2a) = ϕ(a2)ϕ(a). By the above formula we
have ϕ(a)ϕe(a2) = ba1+2r+2u
e
and ϕ(a2)ϕ(a) = a2uba1+2r = ba2r−2u+1, so ue−1 ≡ −1
(mod n/2). Similarly ϕ(a)ϕe(b) = ϕ(ab) = ϕ(ba−2a) = ϕ(b)ϕ(a−2)ϕ(a), using sub-
stitution we get ϕ(a)ϕe(b) = ba1+2rba2sσ(u,e) = a−1−2r+2sσ(u,e) and ϕ(b)ϕ(a−2)ϕ(a) =
ba2s−2uba1+2r = a1+2r−2s+2u. Hence
sσ(u, e) ≡ 1 + 2r + u− s (mod n/2). (12)
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Recall that ue−1 ≡ −1 (mod n/2), so σ(u, e) ≡ σ(u, e− 1) − 1 (mod n/2) and ξ(u, e) ≡
ξ(u, e− 1)− 1 (mod n/2). Upon substitution Eqs. (11) and (12) are reduced to
rξ(u, e− 1) + suζ(u, e− 1) ≡ 2r + u (mod n/2), (13)
sσ(u, e− 1) ≡ 2r + u+ 1 (mod n/2). (14)
Subtracting we get rξ(u, e− 1) ≡ sζ(u, e− 1)− 1 (mod n/2).
Finally, note that
ξ(u, 2(e− 1)) =
2(e−1)∑
i=1
(−u)2(e−1) =
e−1∑
i=1
(−u)i−1 + ue−1
e−1∑
i=1
(−u)i−1 ≡ 0 (mod n/2),
and
ζ(u, 2(e− 1)) =
e−1∑
i=1
u2i =
(e−1)/2∑
i=1
u2(i−1) + ue−1
(e−1)/2∑
i=1
u2(i−1) ≡ 0 (mod n/2),
Hence rξ(u, 2(e−1)) ≡ sζ(u, 2(e−1)) (mod n/2). The minimality of k yields k | 2(e−1).
But e− 1 < k, which forces k = 2(e− 1).
Conversely, in each case for any quadruple (r, s, u, e) satisfying the numerical condi-
tions, it is straightforward to verify that ϕ of the given form is a smooth skew-morphism
of Dn with Kerϕ = 〈a
2, b〉 and pi is the associated power function. The details are left to
the reader.
Remark 2. Let ϕ be a skew-morphism from (II) of Theorem 29. Note that the orbit of
ϕ containing a2i+1 also contains ba2r−2i+1, so the orbit Oa generates Dn. Clearly Oa is
closed under taking inverse. Therefore ϕ gives rise to an e-balanced regular Cayley map
of Dn of even valency 2(e − 1). Such Cayley maps were first classified by Kwak, Kwon
and Feng in [12].
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